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Abstract

The energy release rate (ERR) proposed by Irwin based ommeythg Griffith [1, 2] has been extensively used as a
fracture criterion in 2D for brittle domains. Under in-plamixed mode loading (modes I+ll), the direction of crack
initiation from cracks and sharp V-notches was determingtthé orientation at which the ERR attains its maximum.

Using the newly developed asymptotic expansion presentg?] verified by direct results from finite element
analyses we demonstrate that the ERR under mode Ill canedicpthe fracture initiation direction correctly. The
ERR maximum value is always obtained along the V-notch bdsecontrary to experimental observations. This
forbids the ERR to be applied as a failure initiation crid@rin cases where mode 11l is dominant.
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1. Introduction

Most failure initiation criteria in elastic brittle homogeous and isotropic structures containing sharp V-notches
or cracks can be divided into two fundamental approachesrggrbased, and stress-based. One of the most ad-
dressed energy approaches utilizes the critical energgaselrate (ERR) concept which proposed by Irwin based
on a theory by Griffith [1, 2]: A crack initiates in a directi@ong which the ERR is maximum, and initiation
occurs when the ERR reaches a critical value considered erialgbroperty. According to the maximum stress
criterion, the failure initiation is determined by the maim normal stress (proposed by Erdogan and Sih [4] for
isotropic materials). Failure occurs in the direction gemicular to the maximum normal stress, and initiation will
occur when the stress intensity factor for a crack alongdhiction reaches a critical value, which is considered a
material property.

The present work focuses on the ability of the ERR critermpredict crack initiation direction from a V-notch
under mode Il loading in the context of finite fracture mewica (examples for the FFM approach in 2D can be
found in [5, 6]). There are several experimental resultdl@vie of quasi-brittle materials under loading condison
which involve mode Ill. A common geometry used in these expents is a cylindrical rod with a circumferential
notch, loaded in torsion. Examples for such experimentsidec Alumina [7] (Fig. 1), and PMMA [8, 9] (Fig.

2). The fracture surfaces are of complicated and segmehtgzks, and individual crack initiation sites along the
original crack edge can be observed.
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Figure 1: Fracture surfaces from [7] of Alumina cylindrisglecimens under (a) pure tension, (b) pure torsion, anjididfdrent combinations
of tension and torsion.
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Figure 2: Fracture surfaces of PMMA cylindrical specimensdar pure tension (a), and pure torsion (b) from [9], and updee torsion from

(81 (0.

For straight V-notch edges, only few experimental examplese documented in quasi-brittle materials where
mode Il was involved. Lazarus et al. [10] have conductedeeipents on a slant crack geometry under 3 point
bending. We have chosen a similar geometry of PMMA bars vidthtsd V-notch and loaded them to fracture under
4 point bending (see Fig. 3 (a)). The inclination angle ofloéch ¢ # 0°) created a mixed mode I+lI+11] state
of stress along the V-notch front, and a segmented fractuface (Fig. 3 (c,d)). Knauss [11] applied out-of-plane



shear (Fig. 4 (a)) on a brittle polymer (Solithane 113) wilirggle edge notch geometry and has observed multiple
crack initiation sites distributed along the original dedont, at an angle od5° with respect to the original front

(Fig. 4 (b)).

(d)

Figure 3: Optical fractography (stereoscope, magnificati®) of specimen surfaces after fracture in 4PB (a) with the saateh height and
different inclination angles = 0° (b),y = 30° - the arrows denote crack origins ¢g)= 45° (d).

@) (b)

Figure 4: Fracture surface of a brittle polymer (Solitha@8)lafter arrested crack growth from [11]. View (a) is norrizethe specimen surface.
The lower and lighter parts of the picture represent theimalgcrack surface. The specimen geometry and loading asepted schematically
in (b).



We address the ability of the ERR to predict crack initiatitmection under mode Il loading. ERR is defined in

classical fracture mechanics &= (—%%) = 5l§mo — 21, which refers to a crack propagating from an existing crack
—

[1]. It can also be defined in finite fracture mechanics (FFBt)@= —2 (implemented in 2D in [5, 6]) which
refers to a small buiinite crack of areaS initiating from a V-notch. We show herein that under modddHding,
neither can predict the crack initiation direction obseriag experiments. This is contrary to mode I+11 loading, for
which both FFM ERR [12, 5] and classical ERR [13] were showsuocessfully predict crack initiation direction.
This observation has been made for classical ERR by CookBalfatd [14], which have used the following relation
between the ERR and the Stress Intensity Factors (SIFs) [15]

1— 2 1+v

G(g) = K?(éf’)T + KIQII(¢)T 1)

Whereg is the twist angle of crack facets with respect to initialadaly is Young’s modulusy is the Poisson
ratio andK;, Ky are the SIFs associated with modes | and Ill, respectivebyvéver, the validity of their results
is questionable since the relation between the ERR and SlEsdorm provided in (1) is obtained under the
assumption that a crack under combined loading grows almanttial crack plane [16].

Former fracture initiation criteria involving mode 11l ldang that were based on the energy approach, [17, 10,
18, 13, 19] all involve assumptions that limit their ability describe a general state of crack initiation, such as in
Fig. 3 (c,d). In [18] failure initiation is described by onegle only, and the dependence of the stress intensity factor
K on the coordinate along the crack edge is disregarded. larbuazt al. [17] a mesoscopically segmented
fracture surface was represented by a macroscopic smamifging crack extension. In the initiation criterion
proposed by Lin et al. [20] for cracks under modes I+11l, thedted crack front was characterized by a single
angle of fragmentation. Crack initiation criteria underxed modes I+l is extensively discussed in [21]. The
aforementioned crack initiation criteria available foadting conditions which involve mode Il cannot be used to
characterize fracture surfaces such as observed in FigdB (¢chere the number, location and orientation of crack
origins can change locally throughout the crack edge.

In [3] we have presented an analysis for FFM ERR calculatisrigch applies to a local finite virtual crack
initiation from a V-notch with a straight edge and is utilizen the present work. This expansion applies for all
possible crack orientations initiating at any point alohg ¥-notch edge except for the vertices, where the edge
intersects the free surface.We have not found FFM ERR alouk in literature for comparison. Classical ERR
calculations in the presence of mode lll, available by thieuai crack extension (VCE) method [22] or the virtual
crack closure integral [23], consider crack extensiondiwithe crack plane. The only example of local ERR
calculations known to the authors which has included mddenkdl has considered crack initiation out of its original
plane was presented in [24] for a square cross section bamcghawquarter-circular crack under combined mode
I+111. A fundamental difference between [24] and the metipoeisented in [3] is that the VCE method requires that
the base of the crack extension overlaps with the origireticfront. Therefore, it is inadequate for describing a
crack initiation such as in Fig. 3 (c,d), where the crackatiibn orientation has a single point of intersection with
the original notch edge (or several separate points - seiguémacture surfaces).

Inthe present work we show systematically that the ERR ciggmedict the physical observations under dominant
mode Il loading. This is demonstrated for FFM ERR, for twotwal crack geometries initiating from a straight
edge V-notched bar (section 3,3.1). We also demonstratintiaéid use of the classical ERR for a crack that
propagates from an existing crack (section 4) and in se&jdne FFM ERR is addressed for a cylindrical rod with
a circumferential V-notch under mode Il loading.

2. Preliminaries and notations

The ERR in FFM is defined by%“, wheredIl is the difference in the potential energy between a V-natche
domain with and without a small planar virtual crack dfrate areaS created at its tip (see Fig. 5).
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Figure 5: Considered domains f&FI.

oIT can be computed for any crack orientation (spatial angle¢d and location along the V-notch edge py

[3]:
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Or in concise form:
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WhereA; = A;(z) are the general edge stress intensity functions (GESIBsgeged with the V-notch edge at
a pointz along it (coinciding with the z axis in a Cartesian coordinapresentation, see Fig. 6), and the functions
H,;(a, B) are computed and tabulateHf;; depend on the crack orientation, shape, V-notch openinte aargd
material propertiesH;; has units of*‘T’“z, as can be derived from (3); are the elastic field eigenvalues associated
with each loading mode, so that andas correspond to mode | and Il of the 2D in-plane elastic soflutiodas
corresponds to an out-of-plane solution (see [3]). For akcfar examplen; = a2 = a3 = 1/2, whereas for a
V-notch these depend on the V-notch opening ang(see e.g. [25]). Note that the eigenvalugsvhich appear in
the exponent of/S need not be confused with the angleised to define the orientation within the teffi; (., 3).

For the case of pure mode I, (3) reduces to:

~STIATOT 5 A3 (VB2 Hyga, ) @

Figure 6: Spherical coordinates representation.



According to the ERR approach the crack is expected to faitifong a directioric, 5) at which%rI attains its
maximum [5].

2.1 Hi]”S

In 3D we use two angles to describe the spatial orientatidres reewly generated crack. These are chosen
relative to the V-notch bi-sector plane at the point of crackgin (yz plane in Fig. 6). The angle describes
counter-clockwise rotation around thyeaxis, and the anglg describes counter-clockwise rotation around the
axis. Since the rotation by and s is not commutative, we define the rotation (starting from gheplane, with
normal (100)) first by3 and then byx. Examples for several circular planes are presented in/&ig.

(© (d)

Figure 7: Circular planes obtained for various 3 angles. Rotation by only: o« = {60°,30°,0°, —30°, —60°}, 8 = 0° (a) isometric view
and (b) top view. Rotation bg only: o = 0°, 8 = {45°,30°,0°, —30°, —45°} from (c) isometric viw and (d) front view. (e) Rotation by
a = 60°,8 = {45°, —45°}. The planes are presented within a specimen with 0°. The cracks were schematically emphasized in (b) and
(d) however they represent zero thickness cracks.




H;;(a, B) were computed using methods in [3] for a planar crack of tarcshape (crack center coincides with
the V-notch edge), and a V-notch solid angle= 315° = 360° — opening angle (so the opening angletis’).
For angles within the range60° < o < 60° and—45° < g < 45°, H;; was calculated for discrete orientations
(combinations ofy, 5 taken in intervals). PMMA material propertiégs= 3900 MPa,» = 0.332 were used. Based
on these results, a smooth function was chosen to descel;lic, 5) surfaces optimally. In the present article
we concentrate on approximately pure mode Ill conditiordstaerefore present only the results @53 (v, 3).

0.0006

0.0004

0.0002 =

Figure 8: Hz3(«v, 3) surface approximation faE = 3900 MPa,v = 0.332, w = 315° and circular crack shape.

For a V-notch solid angle af = 315° and £ = 3900 MPa, v = 0.332 the H33 surface (Fig. 8) can be
approximated by the following function:

Hss(a,B,w=315°) = 0.00046 —1.07-10""a? —1.69-107 782 +1.96 - 10~ 1a* + 1.52 - 107?42 + 3.87 - 1011 % (5)
2

a2 52 62 a
0.00034 exp[— — - 0.00034 — 0.00034 exp[——] + 9.54 - 107882 — 3.87- 10~ 1 4) . -
* capl=—z]ewpl 800]+< ezl g0l + A ) - eaprl=5=]

The V-notch surfaces are traction-free, so for a V-notcHeaafw = 315°, a3 = 0.5714286 [3].

3. Crack initiation angle by maximum ‘%H for mode Ill loading

Consider for example a bar of dimensiots x 5 x 10 mm? that contains a V-notch (Fig. 9). To obtain a
dominant mode Il loading, we applied a force2#f000 NV in the z direction on the left face, force 6220000 N
in the z direction on the right face, force 620000 N in the x direction on the the front face and finally a force of
20000 N in the x direction on the back face. The lower face was cairstd in the y direction, and the right and
left faces were constrained in the x directidh = 3900 MPa,v = 0.332 were usedA;(z) extracted by the QDFM
[26] are shown in Fig. 10. One can observe that A, are negligible compared tds. At the center of the V-notch
A,, A are almost zero (three orders of magnitude smaller compartég). Therefore cracks that may initiate at the
center of the V-notch edge = 5 mm) are considered. Different crack orientations and simge examined with a
circular crack shape. To demonstrate #iat'*?"°* well represensIl, we also computedlI”? in two models with
identical mesh, so that the crack was defined as two separddeass, and in the V-notched model without the crack



the surfaces were merged. The identical meshes ensurénéghatimerical errors associated with mesh away from
the crack “cancel” each other when computing

FE A y7FE FE
oIl - HV—notch +crack — HV—notch (6)

STI4PPror \was also calculated usirfss data from Fig. 8 and tabulated in Table 1.

Figure 9: The FE model used for the mode Il loading example.
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Figure 10:A1 (z), A2(z), andA3(z) for the10 x 5 x 10 mm bar in Fig. 9 with a V-notch ab = 315° under mode Il loading.



AT
SIIPE N mm — % difference
crack crack e errorin from FE ot between
: ) N mm SII7F and
orientation area D — 0 energy models Appros
- SII4rpPror
mm? N mm norm at
p=7
no crack -32260.79 1.17%
g i 80 0.05 -32270.83 1.18% -10.03 -9.76 2.7%
no crack -32261.7 1.18%
g i 80 0.07 -32276.14 1.14% -14.43 -14.77 -2.4%
no crack -32261.72 1.16%
g i 80 0.1 -32282.92 1.21% -21.2 -20.4 -3.8%
no crack -32261.72 1.13%
O‘ﬂi?’oq) 0.05 -32266.03 1.14% -4.3 -4.22 -1.8%
no crack -32261.74 1.19%
O‘B:_%i 0.05 -32265.62 1.19% -3.87 -3.82 -1.24%
no crack -32261.76 1.23%
O‘B:_%i 0.07 -32267.56 1.24% -5.8 -5.49 -5.3%
no crack -32261.74 1.19%
O‘B:_%i 0.1 -32269.92 1.21% -8.18 -8.04 -1.7%

Table 1:6T1FF results compared @IT47P7o for the10 x 5 x 10 mm V-notched bar under mode |1l loading

The difference betweesII4?P°* and §I17'F for the mixed mode loading is less tha#%. The §I14pPro=
expression was validated for a variety of crack orientajahapes, sizes and boundary conditions.

Experimental evidence suggests that under dominant mods ih Fig. 9, the virtual crack initiates at an angle
of about(a, ) ~ (45°,0°), i.e. thatsII will be maximal in this orientation. HowevesII©'Z (and the respective
stArrror - as well as FFM ERR) attains its maximum in the direction @& Yhnotch bisectofa, 3) = (0°,0°).
This result can be foreseen from the asymptotic expansiéH 6f7”°* when one considers that under pure mode |l|
loading,sT147PTo* reduces to- A2(zg) x (v/S)?s+! x Has (4). For a specific location and choice of crack area
S, sT14PPro@ is determined solely byiss, and the shape dffs3(«, 8) in Fig. 8 clearly shows maximum values at
(a, B) = (0°,0°) for spatial orientations in the ranges0° < o < 60° and—45° < 5 < 45°. This clearly indicates
that the energy release rate consideration in FFM cannepeadently predict the physical observations and may
not be used independently as a criterion for failure iniat

3.1. 411 for different crack geometries under mode 111 loading

One could assume that the conclusions in the previous semt@due to the FFM assumptions, i.e. are a result
of the abrupt change of crack shape from half a circleeat 0° to a circular sector att # 0°. Specifically,
the abrupt change from an intersectikine between the virtual crack and the V-notch edgeat 0° (the circle
diameter) to an intersectigmoint between them at # 0° (the circle’s center). Thereforé]I"¥ was examined
for a crack geometry of a medallion - a circle which has a sipglint of intersection between its circumference and
the V-notch edge, at any orientation. The radius of the tarozrack wag).2 mm. As previously described]17' ¥
was calculated byn1”# £ b2 . —TIFF .., where the two FE models (V-notched with and without
a crack) were meshed identically. The external geometaglitgy and boundary conditions were as in Fig. 9. The

only difference is the crack orientation, as presenteddn Fi. ThesSIIF'F results are summarized in Table 2.



) (b)

Figure 11: "Medallion” crack geometry at (&, 8) = (0°,0°) and (b)(«, 8) = (45°, 0°) orientations.

STIFE N mm
crack crack e error in from FE
orientation area p — 00 energy models
mm? N mm norm at
p=7
no crack -32261.72 1.14% 0.8
g B 80 0125 | -32271.52 | 1.19%
- 0,
no_crng 32261.55 1.18% 707
aﬁ__ o 0125 | -32268.62 | 1.21%

Table 2:5T1FF results forl0 x 5 x 10 mm V-notched bar under dominant mode IIl loading and “méafalicrack shape.

One notices, that also for the “medallion” crack with a sengbint of intersection at any angle, 3), STIF'F
(and FFM ERR) is larger for a crack at the V-notch bisectorarmtbminant mode Il loading.

4. Classical ERR approach for mode Il loading

In section 3 we have considered a bar specimen with a V-natdendominant mode 111 loading (Fig. 1011
was compared for different crack orientations and sizee AFM ERRG = — 2. which refers to dinite crack
initiation from a V-notch, is maximum at the V-notch bisentsientation(«, 3) = (02, 0°), contrary to experimental
observations for dominant mode Il fractures.

Using the results from Table 1 one can also calculate theicEsERR, which is defined for crack propagation
from an existing crack. Taking geometry with a smaller crasla reference, classical ERR was calculated along the
initial crack plane (Table 3).

10



SIIF® N mm 59 G _ourE

crack original from FE STIFE N mm . 55

: ) mm? N mm
orientation | crack area models

mm?

a=0° 0.05 -10.03

5—0° ) )

a=0°

B=0° 0.07 -14.43 -4.4 0.02 220
a=0°

B=0° 0.1 -21.2 -6.67 0.03 222.33
o = 45°

8 =0° 0.05 -3.87

CE:_AB‘Z 0.07 5.8 -1.93 0.02 96.5
CE:_AB‘Z 0.1 -8.18 -2.38 0.03 79.3

Table 3: Classical ERR calculations for crack initiationrfr an existing crack taken as the reference (initial coma)iti Calculations are based
on data from Table 1.

One notices in Table 3, that the classical ERR along the @btsector plane orientatiafy, 53) = (0°,0°)
is larger compared with the slanted orientation3) = (45°,0°) under dominant mode Il loading. These results
agree with those obtained for the FFM ERR (Table 1).

5. FFM ERR for a cylindrical rod with a circumferential V-not ch under torsion

Cylindrical rods with circumferential notch under torsiare extensively used in literature for mode Il exper-
iments [8, 9, 7, 11]. These experiments have shown that thekdnitiation plane under dominant mode Il is
approximately at-45° to the notch bisectafo, 3) ~ (—45°,0°). Therefore, we have calculatéti”* because of
a crack in thgla, 8) = (0°,0°) and(«, 8) = (—45°,0°) planes.sTI*"# was obtained by (6), so for each geometry
two FE models were constructed - with and without a craclqtidally meshed. The specimen’s geometry was as
presented in Fig. 12 (a) (matches one of the specimens inff8fce of1000 N was applied in thé direction on
the upper face, force in the opposite directieri )00 N in thed direction) was applied on the lower face. PMMA
material propertie®& = 3900 MPa,»~ = 0.332 were used. The cracks geometry was similar to a quarteediFdd).

12 (b,c)), resembling the shapes observed in the fractufacsuin Fig. 2 (b,c). The results are presented in Table 4.

11
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Figure 12: Cylindrical rod dimensions and geometry (a)nBtarack in the notch bisector plane (b) (blue crack insigy gylinder, view of the
central region of the cylinder), planar crack4d® to the notch bisector (c).

SIIFP N mm sIFE

crack crack nre error in from FE 9= NI

orientation | areaS p — 00 energy models mm
mn? N mm norm at
p=7
n(i) ir%c(:)k -268.304 2.08% 0173 0.216
D 0.8 -268.476 2.1%

B8=0
gofij;o -268.343 2.04% .0.109 0.137

=00 0.8 -268.452 2.05%

Table 4:6T1F F results for cylindrical rod (described in Fig. 12) with ciraferential notch under torsion, with and without singlaals.

One may observe that although experimental observatiang stack initiation sites at approximateh45° to
the notch bisector planéII”? calculations show largeflI”F at the notch bisector than at the pland5° to it.
Since the crack area and shape were identical at both cheds; M ERR is larger as well at the notch bisector. This
is again contrary to expectations since ERR is thought to d&dmum at the crack initiation orientation.

For the same geometry and loading conditions, we have almierd a case in which eight cracks of the same
shape and size as before (quarter circles) are simultalyguesent, at equal distances from each other. Another
example examined was of tightly located cracks, resultngQ cracks along the V-notch edge. These are better
approximations to the fracture surfaces in Figures 1 anch2.seme orientations as before were chosen - so that all
cracks are along the notch bisector plane or43° to that plane (see Fig. 13).

12
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Figure 13:8 planar cracks in the notch bisector plane (a) (blue cratkige grey cylinder), and planar cracks-at5° to the notch bisector (b).
Tightly located 30 cracks along the same= 0° (c) anda = —45° (d) planes.

STIFE N mm

g — _ st e
crack crack e errorin from FE N
orientation | areaS p — 00 energy models mm
mn? N mm norm at
p=7
- 0,
no ir%ik 267.827 2.4% 14 0.219
50 6.4 | -269.226 | 2.47%
- 0,
no_cri:lléo 267.979 1.72% .0.88 0.138
“5_g | 64 | -268864 | 18%

13

Table 5:5T1F"F results for cylindrical rod (described in Fig. 13) with airaferential notch under torsion, with and without multig® cracks.




STIF® N mm _ suFE
crack crack e error in from FE g _N_ 5
orientation | areaS p— 0 energy models mm
mm? N mm norm at
p=6
- 0,
no Ere(l)((:)k 267.309 0.88% 961 0.401
8 g0 24 -276.921 | 4.55%
- 0,
Zo_crici;() 267.859 2.01% 351 0.146
5_2 0° 24 -271.368 2.77%

Table 6: STIF'E results for cylindrical rod (described in Fig. 13) with airaferential notch under torsion, with and without tighthcated
multiple (30) cracks.

One may observe th#I"F and therefore FFM ERR are larger(at, 3) = (0°,0°) (notch bisector) compared
to the(«, 8) = (—45°,0°) plane, independently of the number of cracks. No mutualémfbe between the cracks
is observed for cracks on the, 3) = (—45°,0°) plane, so that the ERR remains similar for this orientatfon,
both individual and multiple cracks. At tHe, 3) = (0°,0°) plane, ERR is similar for 1 and 8 cracks and increases
for the tightly located cracks (Tables 4-6). In all caseseix@d ERR alond0°, 0°) is larger than along—45°, 0°),
and even more so in the example with the 30 cracks, which isltisest representation to the fracture surface in Fig.
2.

6. Summary and conclusions

Using the newly developed asymptotic expansion presenté¢8]ias well as direct results from FE analyses
we showed that the direction of maximum ERR under mode lldliog does not agree with experimental observa-
tions. The crack initiation orientatiofa, 5) ~ (45°,0°), as evident from the various experiments documented in
the literature and our own experiments, cannot be prediryettie maximum ERR direction which is obtained at
(o, B) = (0°,0°). This discrepancy was shown for both FFM ERR (for crackatiibn from a V-notch) and classical
ERR (for crack initiation from an existing crack). The abirapange in crack orientation in relation to the V-notch
edge seems energetically non preferable. Therefore, Bethdnd classical ERR may not be used as a criterion for
failure initiation orientation when mode Ill loading is inlved.

Although we have presented only cracks shaped as circuttorsgassumed as the virtual crack initiators), we
have also performed several preliminary studies in whitiptedal shaped initial cracks were investigated. In these
studies we observed the same trend, i.e. using the ERRienitére crack initiation is preferred along the V-notch
bi-sector.

Thus we conclude that the ERR in either FFM or classical ti@cinechanics framework is inappropriate as an
independent criterion to predict the direction at whiclcfuze evolves under a mode 11l dominant load.

It is important to note that the maximum normal stress in theevicinity of the V-notch edge, under mode lI
dominant load does coincide with the crack initiation dii@t observed experimentallyy, 5) ~ (45°,0°). This
result has been obtained by calculating the normal stresisaoeonstant circular area and under a constant force:
[ on(rp,8p)ry, dry db,, for various orientationgy, 3) going through the same point located along the V-notch edge.
(rp, 0,) are polar coordinates defined on each chosen plane. Outbéaltientations examinegly, 3) for which the
result of this integral was maximum was approximately3) ~ (45°,0°) under mode Ill loading. This calculation
actually provides an average normal stress, since the saradsaaken for all orientations. We have also confirmed
the orientation(«, 8) for which the normal stress is maximum does not change wigtiepforce or for different
areas of integration (as long as they are kept small). Thjgested alternative for determining the crack initiation
orientation will be discussed and detailed in a followingga
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Thus, unlike the situation observed under a combined molédading, where both the ERR and maximum
stress criterion resulted in the same crack initiationdios, in a dominant mode 1l loading these two criteria gliel
different outcomes.
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